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We present a comprehensive study, using both analytical and numerical methods, of measurement-
induced localization of relational degrees of freedom. Looking first at the interference of two optical
modes, we find that the localization of the relative phase can be as good for mixed states — in
particular for two initially Poissonian or thermal states — as for the well-known case of two Fock
states. In a realistic setup the localization for mixed states is robust and experimentally accessible,
and we discuss applications to superselection rules. For an ideal setup and initial Fock states we
show how a relational Schro¨dinger cat state emerges, and investigate circumstances under which such
a state is destroyed. In our second example we consider the localization of relative atomic phase
between two Bose Einstein condensates, looking particularly at the build up of spatial interference
patterns, an area which has attracted much attention since the work of Javanainen and Yoo. We
show that the relative phase localizes much faster than was intimated in previous studies focusing
on the emerging interference pattern itself. Finally, we explore the localization of relative spatial
parameters discussed in recent work by Rau, Dunningham and Burnett. We retain their models of
indistinguishable scattering but make different assumptions. In particular we consider the case of
a real distant observer monitoring light scattering off two particles, who records events only from
a narrow field of view. The localization is only partial regardless of the number of observations.
This paper contributes to the wider debate on relationism in quantum mechanics, which treats
fundamental concepts — reference frames and conservation laws — from a fully quantum and
operational perspective.
PACS numbers: 03.65.Ta, 42.50.-p, 03.75.-b
I. INTRODUCTION
It is a generally accepted principle of modern physics
that absolute physical quantities have no intrinsic useful-
ness or physical relevance. While the issues had been de-
bated for centuries, they found their modern expression
with Mach, whose influence on Einstein during his formu-
lation of General Relativity is part of physics mythology.
Understanding to what extent various theories are (or
can be made) completely relational (Machian) is, how-
ever, a somewhat slippery business. For example, the
Machian features of General Relativity were elucidated
most clearly by Barbour and co-workers years after Ein-
stein’s original publication [1].
Part of the problem when trying to examine issues of
relationalism in physics, is that we generically are forced
to describe our physical surroundings in terms of some
specific reference frame. A reference frame is simply a
mechanism for breaking some symmetry, and if we are
careful then we need to describe the reference frame it-
self in terms of the specific physical objects of which it is
comprised. For internal self-consistency, this procedure
should be undertaken within the confines of the physi-
cal theory under examination. Once we have done so, it
∗hcable@www.phys.lsu.edu
is perilously easy to describe physics once again in “ab-
solute” terms - properties look absolute with respect to
the one fixed reference frame. To avoid this pitfall one
common procedure is to examine the translation of the
physical description from one observer’s reference frame
to another, and such translation yields insight into the
relational features of the physics under consideration.
In applying this sort of thinking to quantum mechanics
several problems present themselves fairly quickly. The
first is that of setting up a reference frame described in
purely quantum mechanical terms. The extent to which
this is a problem depends upon the extent to which one
is prepared to accept classical objects and fields within
the theory. Opinions vary. At one extreme classical
clocks, spatial reference frames and the like are simply
presumed to exist; the quantum mechanical systems un-
der investigation are taken to couple to the classical ref-
erence frames in such a way that, for example, “position
of the object” is by fiat well defined after an appropri-
ate measurement. This is the common perspective taken
when teaching wave-mechanics for instance. At the other
extreme, popular in certain approaches to quantum grav-
ity, every reference frame object (clock, pointer, etc) is
assigned a quantum mechanical state. Issues surround-
ing the macroscopic limit (or otherwise) of these objects
must then be tackled.
The second main set of problems encountered quantum
mechanically are related to dynamics. Issues of the spe-
2cific dynamical couplings between the objects under in-
vestigation and the objects comprising the frame become
important, most notably the effects of “backreaction”.
The specific dynamics involved are also of importance
in trying to examine how one might translate between
physical descriptions of the same system by two differ-
ent observers. The inevitable disturbances that arise in
quantum mechanical procedures one observer may imple-
ment in order to fix a system with respect to their frame,
generically force a dynamical examination of translation
into a different observer’s frame (as opposed to the kine-
matical translation possible in classical theories).
In this paper we examine some simple dynamical mech-
anisms wherein some relationally defined degree of free-
dom of two systems becomes well localized (in some
sense “classical”) with respect to some specific observer.
In particular we consider two systems initially uncorre-
lated with respect to some relative degree of freedom,
and examine processes whereby an observer may in-
duce a correlation. We focus on measurement based
schemes, i.e. situations wherein the observer seeks to es-
tablish correlation by appropriate measurement. In con-
trast to most situations when studying quantum mea-
surements, wherein the information obtained about the
pre-measurement state is the priority, here we are inter-
ested in controlling the properties of the induced post-
measurement state. This sheds light on certain process
whereby an observer may use one system as a reference
for another. We examine the speed at which these ref-
erences are created, and the stability of the relationship
once established. We look at cases wherein the initial
states of the systems under consideration are mixed, in
addition to the more commonly considered pure state
case.
A final set of issues of interest in examining relation-
alism in quantum mechanics involves conservation laws,
superselection rules and symmetry breaking. In algebraic
quantum field theory, the existence of absolute conserva-
tion laws and associated superselection rules (rules for-
bidding the creation of superpositions of states with dif-
ferent values of the conserved quantity) is taken to be
true axiomatically [2]. A less absolutist, and more opera-
tional, approach was initiated by Aharonov and Susskind
[3]. They suggested that forbidden superpositions can in
fact be observed provided that the apparatus used by
an observer are prepared in certain special states. The
states suggested by Aharanov and Susskind were not par-
ticularly realistic. We present as an alternative certain
mixed states with well localized relative phase, which are
much more experimentally feasible, and can reproduce
the desired effects with no loss due to the lack of purity.
We begin in Sec. II by considering the localization of
relative optical phase, given two cavities of photons ini-
tially in Fock (number) states. Aspects of this problem
were analyzed numerically by Mølmer [4, 5] and analyti-
cally by Sanders et al [6]. In an ideal setup a “relational
Schro¨dinger cat state” emerges, and we discuss how slight
imperfections lead to destruction of the cat. We progress
to the mixed state case investigating the localization be-
tween two Poissonian or two thermal states, introducing
a two mode visibility for rigorous comparison. In partic-
ular, we show that the localization of the relative phase
of the mixed states is just as good as for the pure states
in these cases.
In Sec. III we look at the interference of two Bose
condensates, a process in which relative localization of
atomic phase plays an important role. A numerical anal-
ysis was performed by Javanainen and Yoo [7, 8], and
some analytic analysis was given by Castin and Dalibard
[9]. In our analysis we borrow from our study of localizing
optical phase and see in particular that the localization
of atomic phase takes place on the same rapid time scale,
and much faster than is apparent in the simulated spatial
interference of Javanainen and Yoo.
Finally, in Sec. IV, we turn to the localization of rel-
ative position, a problem studied recently by Rau et al
[10]. We extend their results to scenarios involving ini-
tially mixed states and less specialized scattering pro-
cesses which generate only partial localization.
II. LOCALIZATION OF RELATIVE OPTICAL
PHASE
A. Pure initial states
We begin our study of relative localization in quantum
mechanics by examining in detail the dynamical localiza-
tion of the relative phase of two, initially independent,
single modes of light. A simple operational procedure for
both causing and probing such localization is depicted
in Fig. 1. Two cavities initially containing N and M
photons respectively (and thus described by pure initial
states |N〉|M〉) both leak out one end mirror (via linear
mode coupling). Their outputs are combined on a 50:50
beamsplitter, after which they are detected.
Despite the cavities being in Fock states with no well-
defined relative phase, it is well known that an interfer-
ence pattern is observed at the two detectors. The inter-
ference pattern can be observed in time if the two cavities
are populated by photons of slightly differing frequen-
cies or, as in standard interferometry, by varying a phase
shifter placed in one of the beamsplitter ports. The rea-
son for this contradiction with the naive dictum “number
and phase are conjugate quantities” may be understood
as follows:
Consider the case after a single photon has been de-
tected at one of the detectors. Then the new state of the
two cavities is√
N
N+M |N−1〉|M〉 ±
√
M
N+M |N〉|M−1〉 ,
i.e. it is entangled. It is simple to show that the sec-
ond photon is much more likely to be detected at the
same detector. The exact ratio of the probabilities of
being counted at the same detector and at the other is
3FIG. 1: Photon number states leak out of their cavities and
are combined on a 50:50 beamsplitter. The two output ports
are monitored by photodetectors. The variable phase shift τ
is initially fixed at 0.
N2+M2−N −M +4NM to N2+M2−N −M . When
N = M this ratio is strictly greater than 3, and tends
sharply to infinity as N and M approach 1. This is in
agreement with the phenomenon, demonstrated by the
well-known Hong, Ou and Mandel dip experiment [11],
whereby two uncorrelated and identical photons, simul-
taneously incident on the input ports of a 50 : 50 beam-
splitter, must both be registered at the same output port.
Further detections lead to a more and more entangled
state. It is not so surprising then that detections on an
entangled state lead to some form of interference pattern.
In essence, after a small number of detections the rela-
tive number of photons in each cavity is no longer well
defined, and so a well defined relative phase can emerge.
Note that this is only possible if the beamsplitter, detec-
tors and cavities all have well defined relative positions.
One method for confirming this intuition is to use a
quantum jumps approach (for a review of quantum jump
methods see [12] and references therein), and numerically
simulate such a system through a number of detection
procedures as was performed in [4, 5]. However such
simulations yield little in the way of physical insight. As
such, we follow instead a procedure introduced in [6]. We
begin by expanding the initial state |ψI〉 = |N〉|M〉 of the
cavities in terms of coherent states |α〉, |β〉:
|ψI〉 = N
∫ 2π
0
∫ 2π
0
dθdφe−i(Nθ+Mφ)|α〉|β〉 (1)
with α =
√
Neiθ, β =
√
Meiφ, and the normalization
N = 1/√ΠN (N)ΠM (M)4π2 where Πn(µ) = µne−µ/n!
is the Poissonian distribution. For the moment we will
ignore normalization.
Consider now the case that a single photon is detected
at either the left detector DL, or the right one DR. Since
we are interested only in the change of state in the cavity
modes, we treat the exterior modes as ancillas, and find
the Kraus operators KL,KR describing the effect of the
detection (for an explanation of quantum operations see,
for example, [13]). It is reasonably simply to verify that
they are proportional to a±b, where a, b are annihilation
operators for the modes in cavity A,B respectively. The
constant of proportionality depends on the transmittivity
of the end mirrors.
In the event that some number l of photons are de-
tected in DL while r photons are detected in DR, the
state of the two cavities evolves as follows:
|ψI〉 → K lLKrR|ψI〉
∝ K lLKrR
∫∫
dθdφe−i(Nθ+Mφ)|α〉|β〉
∝
∫∫
dθdφe−i(Nθ+Mφ)(α− β)l(α+ β)r |α〉|β〉
In order to understand the localization in relative phase
which occurs between the two cavities, we need to con-
sider the co-efficient
Cl,r ≡ (α − β)l(α+ β)r. (2)
For our purposes it is sufficient to focus on the case that
the cavities begin in the same photon number state; it
should be noted however that the physics of the highly
asymmetric case is somewhat different.
Consider first the case that |α| = |β|, that is, N =M .
In this case,
Cl,r(θ, φ)=N
(l+r)/2(eiθ − eiφ)l(eiθ + eiφ)r (3)
=(4N)(l+r)/2(−i)lei(l+r)(θ+φ)/2 sinl∆2 cosr∆2
where ∆ ≡ (φ−θ). For the moment we can ignore factors
that do not depend on θ, φ, since they will be taken care
of by normalization.
We are particularly interested in the behavior of
Cl,r(θ, φ) as the total number l + r of detections gets
larger. To examine this limit, we make use of asymptotic
expansions [14] for Cl,r(θ, φ) as follows. When photons
are detected at both detectors,
| sinl ∆2 cosr ∆2 | ≈
√
llrr
l+r l+r
exp
[
−l+r4 (∆−∆0)2
]
(4)
where ∆0 ≡ 2 arccos
√
r/(r + l) when ∆ takes values be-
tween 0 and π, and ∆0 ≡ 2π−2 arccos
√
r/(r + l) be-
tween π and 2π. ∆0 denotes the values of the relative
phase around which the localization occurs. When all
the photons are detected at one detector the appropriate
expressions are∣∣cosr ∆2 ∣∣ ≈ exp [− r8∆2] for ∆ ∈ [−π, π],∣∣sinl ∆2 ∣∣ ≈ exp [− l8 (∆−π)2] for ∆ ∈ [0, 2π]. (5)
We see that as l + r gets larger, the state of the two
cavities evolves into a superposition (over global phase)
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FIG. 2: The evolution of Cl,r(θ, φ). In (a) localization about
∆0 = π after 1, 5 and 15 counts when photons are recorded
in the left photodetector only. (b) localization about ∆0 =
±2 arccos (1/√3) ∼ 1.9 after 3, 6 and 15 counts when twice
as many photons are recorded in the left detector as the right
one. The symmetry properties of the Kraus operators KL
and KR cause Cl,r to have multiple peaks.
of coherent states with a increasingly sharply defined rel-
ative phase. A plot showing the evolution of Cl,r(θ, φ)
is shown in Fig. 2. This localization in relative phase is
responsible for the interference phenomena seen at the
two detectors, as was examined numerically by Mølmer
[4, 5].
This is our first concrete example of dynamical relative
localization, and so we explore carefully the key features.
Firstly, the value ∆0 at which the relative phase localiza-
tion occurs depends on the (ratio of) the specific number
of photons l, r detected at each detector. This is of course
probabilistic and we denote by Pl,r the probability of de-
tecting l and r photons in the left and right detectors
respectively. A complete expression for Pl,r is obtained
by a simple heuristic treatment of the dynamics, as we
now show.
We suppose as in [6] that population leaks out of each
cavity according to a linear coupling with parameter ǫ
and that ǫ is small. After the action of the beam splitter
and the photon detections, l at the left detector and r at
the right, the full expression for the cavity modes is,
N
∫
dθdφe−iN(θ+φ)Cl,r(ǫ, θ, φ)
∣∣√1− ǫα〉 ∣∣√1− ǫβ〉
where the normalisation factor N = 1ΠN (N)4π2 and
Cl,r(ǫ, θ, φ) =
〈
r
∣∣∣√ǫα+ β√
2
〉〈
l
∣∣∣√ǫ−α+ β√
2
〉
extracting the l and r photon components of the coherent
states. The probability Pl,r is given by,
N 2
∫
dθdθ′dφdφ′e−
i
2 (2N−r−l)(θ+φ)e
i
2 (2N−r−l)(θ′+φ′)
× Cl,r(ǫ, θ, φ)Cl,r(ǫ, θ′, φ′)∗
× 〈√1− ǫα′∣∣ ∣∣√1− ǫα〉 〈√1− ǫβ′∣∣ ∣∣√1− ǫβ〉
By treating the coherent states as quasi-orthogonal (for
the basic properties of coherent states see, for example,
[15]),
〈α′|α〉 = exp (−|α− α′|2) ∼ δ(φ − φ′)
〈β′|β〉 = exp (−|β − β′|2) ∼ δ(θ − θ′)
and using the relation for the gamma function Γ(.),∫ 2π
0
∫ 2π
0
dθ
2π
dφ
2π cos
2r ∆
2 sin
2l ∆
2 =
Γ(r + 0.5)Γ(l+ 0.5)
πΓ(r + l+ 1)
we obtain the following approximation for Pl,r,
Pl,r≈
[
(2ǫN)r+l
(r + l)!
e−2ǫN
]
(r + l)!
r!l!
Γ(r + 0.5)Γ(l+ 0.5)
πΓ(r + l+ 1)
. (6)
The approximations would na¨ıvely be expected to hold
good when several, but not too many, photons have been
recorded so that Cl,r is narrow while the amplitudes√
1− ǫα,√1− ǫβ are still large. In fact detailed inspec-
tion of the probabilities Pl,r computed numerically reveal
that the fractional error of the approximation (6) com-
pared to the exact values is roughly 0.6ǫ, growing linearly
with the leakage parameter. In terms of its general fea-
tures, Pl,r is seen to be a product of a global Poissonian
distribution in the total number of detected photons l+r
and a second function depending on the precise ratio of
counts at Dl and Dr.
A plot of the exact values for the probabilities Pl,r of
different measurement records is plotted in Fig. 3 for typ-
ical parameter values, ǫ = 0.2 and initial state |20〉 |20〉,
where each spot marks a possible measurement outcome.
Plotting Pl,r reveals the likely degree of localization of the
relative phase ∆ a finite time after the start of the pro-
cedure, and the values of ∆0 which are picked out. ǫ cor-
responds to a time parameter, an approximation which
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FIG. 3: A plot of the exact values of the probabilities Pl,r
for all the possible measurement outcomes to the procedure
a finite time after the start, against the absolute value of the
relative phase which is evolved. The initial state is |20〉 |20〉
and the leakage parameter ǫ, corresponding roughly to the
time, has a value of 0.2. Each spot corresponds to a different
measurement outcome with l and r counts at detectors Dl
and Dr respectively. The value ∆0 of the relative phase which
evolves in each case is given by 2 arccos
√
r/(r + l).
holds good provided ǫ is not too large. Looking at the
precise distribution in Fig. 3 we see that given ǫ = 0.2 it
is most likely that 7 photons (approximately 2ǫN) have
been counted, corresponding to the ridge. The most
probable events involve all the photons being counted
at one detector or the other, picking out a relative phase
of 0 or π. However the density of points is greatest about
∆0 =
π
2 where there are equal counts at both detectors.
Overall no particular value of the relative phase is pre-
ferred in this example.
Once a given measurement outcome has occurred with
l and r counts in the left and right detectors respectively
the resultant state of the two cavities has two symmetries
as can be seen from the explicit form of Cl,r, Eq. (3) and
in Fig. 2. A 2π translational symmetry identifies physi-
cally identical phases. In addition there is symmetry in
Cl,r about ∆ = 0. This exists because the procedure as
described so far localizes the absolute value of the rel-
ative phase. When photons are detected at both ports
Cl,r is peaked at two different values ±∆0. Looking at
the asymptotic form of Cl,r as l and r tend to large val-
ues we see that the state that emerges, |ψ∞〉, takes the
following form:
|ψ∞〉 ∝
∫
dθe−i2|γ|
2θ|γ〉
⊗
[
e−i|γ|
2∆0 |γei∆0〉+ei|γ|2∆0 |γe−i∆0〉
]
(7)
where |γ〉 = ||γ|eiθ〉 and |γ| =
√
N − ( l+r2 ). The relative
component of the two mode state, contained in the square
brackets, is a superposition of two coherent states with
the same amplitude but different phases ±∆0 - ordinarily
called a Schro¨dinger cat state. |ψ∞〉 has in addition a
sum over all values of the global phase θ. A state of the
form Eq. (7) could be a termed a relational Schro¨dinger
cat state.
Creating the superposition Eq. (7) would however be
experimentally challenging as it requires perfect phase
stability. In practise we find that the Schro¨dinger cat
is sensitive to any asymmetry, or instability in the sys-
tem. The effect of a randomly varying phase is to cause
localisation about one particular value of the relative
phase. This phenomenon is evident in the numerical
studies of Molmer [4, 5]. These incorporate a slight fre-
quency difference between the two cavity modes causing
the free evolution to have an additional detuning term
exp i(ωb − ωa)b†bt. Combined with the random intervals
between detections, this means that the process can be
described by Kraus operators a ± eiτ b where the phase
τ takes random values for each photodetection. The rel-
ative phase then takes a unique value varying randomly
for each run. A dynamically equivalent process occurs
when atoms from two overlapping Bose Einstein conden-
sates drop onto an array of detectors and are detected
at random positions; a detailed discussion of this point
follows in Sec. III.
In the case of an idealized setup, in which the phase
shifts throughout the apparatus remain fixed, one com-
ponent of the relational Schro¨dinger cat state can be re-
moved manually. We suppose that after l and r photons
have been detected at Dl and Dr in the usual way the
phase shifter is adjusted by ±∆0 and that the experiment
is continued until a small number of additional photons
have been detected. The phase shift translates the inter-
ference pattern in such a way that with high probability
the additional counts will occur at one detector. These
additional measurements eliminate the unwanted compo-
nent of the cat state and confirm a well defined relative
phase.
The next important feature we turn to concerns the
robustness of the localization. In the limit of a large
number of detections, the state of the two cavities be-
comes equivalent to
|ψ∞〉 =
∫
dθe−2i|γ|
2θ|γ〉|γei∆0〉 (8)
with |γ〉 = ||γ|eiθ〉 some coherent state. The coherent
states, being minimum uncertainty gaussian states, are
the most classical of any quantum states. Thus we ex-
pect states of the form |γ〉|γei∆0〉 to be robust. However,
|ψ∞〉 is a superposition over such states, and this could
potentially affect the robustness. That this is not the
case, can be understood by noting that the superposi-
6tion in Eq. (8) is summed over the global phase θ1 of the
coherent states. Under evolutions obeying an additive
conservation of energy rule (photon-number superselec-
tion), which is essentially the extremely good rotating-
wave approximation of quantum optics, this global phase
becomes operationally insignificant. This is discussed in
a little more detail in Sec. II D below.
Finally we point out that a state of the form Eq. (8)
is, for any processes involving relative phases between the
cavities, operationally equivalent to a tensor product of
pure coherent states for each cavity |γ〉|γei∆0〉. However,
because of the phase factor e−2i|γ|
2θ, the state is, in fact,
highly entangled. If we expand it in the (orthogonal)
Fock bases, as opposed to the non-orthogonal coherent
states, we find a state of the form
|ψ∞〉=
∫
dθ
2π e
−2i|γ|2θ |γ〉 ∣∣γei∆0〉
=
∞∑
n,m=0
√
Πn(|γ|2)Πm(|γ|2)
∫
dθ
2πe
i(n+m−2|γ|2)θeim∆0 |n,m〉
=
2|γ|2∑
m=0
√
Π2|γ|2−m(|γ|2)Πm(|γ|2) eim∆0
∣∣∣2|γ|2−m,m〉 (9)
where |n,m〉 denotes a product of photon number states,
Π.(.) denotes a Poissonian factor and 2|γ|2 is a whole
number of photons.
B. Mixed (poissonian) initial states
The example of the previous section, while usefully il-
lustrating many features of relative localization, is not
experimentally accessible due to the assumption that we
have access to large photon number, initially pure, Fock
states populating the cavities. In particular, if we are
looking for a mechanism by which relative localization
occurs naturally in our interactions with surrounding ob-
jects, the previous example is somewhat implausible as it
stands, in as much as it would suggest that macroscopic
levels of entanglement are necessary to localize relative
degrees of freedom.
With this in mind, we turn to a more realistic scenario.
While it is implausible that the cavities are populated by
large Fock states, it is not implausible that they are pop-
ulated by a large number of photons, and that all we
know is the mean number N¯ of photons. In such a situa-
tion we would assign the quantum state of the cavity as a
Poissonian distribution over photon number (if we were
following a maximum entropy principle). Alternatively,
1 By “global phase” we are not referring to the always insignificant
total phase of a wavefunction, but rather the phase generated by
translations in photon number: eia
†a. This is still a relative
phase between different states in the Fock state expansion of a
coherent state.
we may be populating the cavities by (independent) light
from lasers, in which standard laser theory leads to the
photon number distribution being Poissonian [16].
As such, we reconsider the above localization proce-
dure, assuming now that the initial state of the cavities
is
ρI =
∑
n
Πn(N¯)|n〉〈n| ⊗
∑
m
Πm(N¯)|m〉〈m|
=
1
4π2
∫∫
dθdφ |α〉〈α| ⊗ |β〉〈β|, (10)
where α =
√
N¯ exp iθ and β =
√
N¯ exp iφ. As in the pre-
vious section, we consider the evolution of ρI given that
l, r photons are detected at the left and right detectors
respectively:
ρI ⇒ K lLKrRρIK†lLK†rR
∝ K lLKrR
∫∫
dθdφ |α〉〈α| ⊗ |β〉〈β|K†lLK†rR
∝
∫∫
dθdφ |α+ β|2r |α− β|2l|α〉〈α| ⊗ |β〉〈β|
∝
∫∫
dθdφ |Cl,r(θ, φ)|2|α〉〈α| ⊗ |β〉〈β|
with Cl,r(θ, φ) as in Eq. (3). Clearly the discussion about
the localising nature of Cl,r(θ, φ) applies equally well in
this case. The expression Eq. (6) approximating the
probabilities for different measurement records when the
initial state is a product of Fock states is exact for a prod-
uct of Poissonian states. In the limit of a large number
of detections,
ρ∞ =
∫
dθ |α〉〈α| ⊗ |αei∆0〉〈αei∆0 | (11)
We see that quite remarkably the relative phase localiza-
tion of the mixed states is just as sharp and just as rapid
as that of the pure states !
To rigorously quantify the degree of localization of rel-
ative phase we define a visibility for the prepared two
mode state. This definition is illustrated by Fig. 4. It is
supposed that the second mode undergoes a phase shift
τ before being completely combined with the first at a
50:50 beam splitter. The expected photon number at the
left port is then denoted I(τ). This intensity is evaluated
for all possible phase shifts τ , allowing a visibility for the
two mode optical state to be defined in terms of the dif-
ference between the maximum and minimum values as
follows,
V = (Imax − Imin) / (Imax + Imin). (12)
By definition, the visibility takes values between 0 and 1.
For a product of photon number states |N〉|M〉 the
action of a phase shifter on the second mode merely in-
troduces an irrelevant factor of eiM , and hence the in-
tensity I(τ) is constant for different phase shifts τ and
the visibility V is 0. In a similar way the visibility is 0
7FIG. 4: I(τ ) is the intensity at the left output port after the
second mode undergoes a phase shift of τ and is combined
with the first at a 50:50 beam splitter. This intensity is eval-
uated for all possible settings of the phase shifter. Extremiz-
ing over τ , the visibility for the two mode state is defined as
V = (Imax − Imin)/(Imax + Imin).
for any product of mixed states diagonal in the photon
number basis, such as the product of Poissonian states
in Eq. (10). On the other hand, for a product of co-
herent states |
√
N¯eiθ〉|
√
N¯ei(θ+∆0)〉 and, |ψ∞〉 Eq. (8)
and ρ∞ Eq. (11) summed over the global phase, and all
three with exactly one value ∆0 for the localized relative
phase, we can easily show that I(τ) is proportional to
cos2
(
∆0+τ
2
)
. I(τ) is then maximized if the phase shifter
is set to τ = −∆0 and 0 for τ = −∆0 + π. Therefore
the visibility is 1 for these three examples for which the
relative phase is perfectly correlated.
After involved calculation, extending methods and re-
sults developed earlier in this section, a simple expression
for the intensity and the visibility can be found for the
case of two initial Poissonian states and an idealized ex-
periment for which the phase shifts throughout the appa-
ratus remain fixed (see Appendix A for the derivation):
I(τ) ∝ r cos2 τ2 + l sin2 τ2 + 12 (13)
Vl,r =
|r − l|
r + l + 1
. (14)
If the detections are all at one detector, the right one
say, Eq. (14) simplifies to r/ (r + 1) which tends rapidly
1, and in fact is 1/2 even after one detection. However, it
is also seen that the expression diminishes to 0 for mea-
surement outcomes in which the proportion of counts in
the left and right detectors becomes equal. This does not
reflect less localization in those cases but is an artefact of
the definition of the visibility. It is easy to see that if the
state of the two cavities is localized at two values of the
relative phase these will both contribute to the intensity
at one port in the definition of the visibility; changing
the phase shift τ will tend to reduce the contribution
of one while increasing that of the other so that overall
the variation in the intensity is reduced. However, in re-
alistic situations we expect the localisation at multiple
values to be killed by slight asymmetries (as in the pure
state case), and the visibility to tend to 1 in all cases.
C. Mixed (thermal) initial states
In the examples presented above, there was no limit to
how sharply the localization could be achieved. We now
examine the case that both cavities are initially popu-
lated by thermal states with equal mean photon numbers
N¯ along the same lines as above. As such, the initial state
is
ρI =
∑
n
N¯n
(1 + N¯)n+1
|n〉〈n| ⊗
∑
m
N¯m
(1 + N¯)m+1
|m〉〈m|
=
1
4π2N¯2
∫ ∫
dn¯dm¯dθdφe−(|α|
2+|β|2)/N¯ |α〉〈α|⊗|β〉〈β|,
where α =
√
n¯ exp iθ and β =
√
m¯ exp iφ. Under the
measurement of l, r photons at the left and right detectors
respectively:
ρI⇒K lLKrRρIK†lLK†rR
∝
∫
d2αd2β e−(|α|
2+|β|2)/N¯K lLK
r
R|α〉〈α|⊗|β〉〈β|K†lLK†rR
∝
∫
d2αd2β e−(|α|
2+|β|2)/N¯ |α+β|2r|α−β|2l|α〉〈α|⊗|β〉〈β|
∝
∫
d2αd2β e−(|α|
2+|β|2)/N¯ |Cl,r(n¯, m¯, θ, φ)|2|α〉〈α|⊗|β〉〈β|
Unlike previous examples |Cl,r| does not provide a sim-
ple picture of the localization of the relative phase due to
the additional dependence on the mean photon number
variables. However an intensity and a visibility can be
computed as in the Poissonian case above (see Appendix
B). For an arbitrary measurement record the results are,
I(τ) ∝ l cos2 τ2 + r sin2 τ2 + 1 (15)
Vl,r =
|r − l|
r + l + 2
. (16)
If all the measurements occur in one detector, the right
one say, the visibility is r/ (r + 2) which is 1/3 after just
one detection and which tends to 1 rapidly - but slower
than in the Poissonian case. In addition an expected
visibility a finite time after the start of the procedure,
Σl,rPl,rVl,r, can be computed using an exact expression
for the probabilities of different measurement records,
Pl,r =
(N¯ǫ)r+l(
1 + ǫN¯
)r+l+2 , (17)
which notably has the form of the probabilities for two
independent sources of thermal light with parameter ǫN¯ .
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FIG. 5: Expected visibilites for (a) an initial product of two
Poissonian states (plusses) and (b) an initial product of two
thermal states (crosses), with average photon number N¯ for
both cavities.
The expected visibilities for the thermal and Poissonian
cases are compared in Fig. 5. These averages do not
tend to one as the visibility underestimates the degree
of localization when the prepared states are localized at
two values of the relative phase, as discussed previously
in Sec. II B. However the general trend is clear. The
cavity modes initially in thermal states tend, as in the
Poissonian case, to a state which is perfectly correlated in
relative phase while remaining separable. Although more
photons must be detected to achieve the same degree
of localization when the initial states are thermal, the
localization proceeds very rapidly in both cases.
D. The connection to superselection rules
A conservation law makes operational sense (or non-
sense) only when related to the procedures whereby the
conserved physical quantities are measured. In partic-
ular, the frame of reference against which the measure-
ments are made plays a crucial role. Certain frames of
reference (e.g. position, atom number) are more in accord
with our everyday experience than others (e.g. “charge
phase”, “isospin phase”). This has perhaps more to do
with the ground state of the universe (the electromag-
netic vacuum in particular) which acts as a readily acces-
sible reference frame, than with any fundamental physical
restrictions.
A belief in absolute conservation laws leads to a belief
in absolute superselection rules (SSR). To illustrate how
the more relational approach works, let us consider quan-
tum optics under the “rotating wave approximation” (re-
fer for example [15]), equivalent to a strict superselection
rule for energy under which the energy is additively con-
served, and in the absence of any absolute phase refer-
ence. Under such an assumption, superpositions of states
of different photon number (such as coherent states of
light) and superpositions of non-degenerate atomic states
(|g〉, |e〉) are forbidden. Interaction Hamiltonians are
strictly excitation-conserving, for example the familiar
Jaynes-Cummings HamiltonianH = |e〉〈g|⊗a+|g〉〈e|⊗a†
is allowed, where a, a† are annihilation, creation oper-
ators for an optical mode (for a discussion of Jaynes-
Cummings dynamics refer for example [15]).
If we are asked how to operationally create and ver-
ify the existence of a superposition of atomic states of
the form |g〉+ |e〉, then a simple response is to drive the
atom through a cavity containing a large amplitude co-
herent state of light for an appropriate length of time,
where the interaction Hamiltonian is H above. Measure-
ment of the atom after exiting the cavity yields it in the
ground state half the time. However, this could be due
to the atom being in a mixed state, and thus to verify a
coherent superposition has been obtained, the atom can
be sent through a second cavity, also in a large amplitude
coherent state, after which it can be found that the atom
is always in the ground state. This demonstrates it was
actually in a coherent superposition |g〉+ |e〉 between the
two cavities.
What Aharonov and Susskind noted in [3] was that
the two cavities did not, in fact, need to be in coher-
ent states. In fact a state of the form Eq. (8), taking
the total number of photons to be large, is operationally
just as good as initial coherent states for the purposes of
demonstrating a coherent superposition of atomic states
as just described2. As noted previously, this state is one
of fixed total energy, and thus there is no violation of the
conservation law globally.
An objection to this argument having much physical
relevance can be made along the lines discussed above,
namely that states of the form Eq. (8) are not easy to
come by in nature, and in fact are highly entangled. We
see, however from the results of Sec.’s II B and IIC, that
a mixed state of the form (11) would do just as well for
the operational demonstration of coherent superposition
envisaged by AS. Such mixed states are much more easily
preparable, and would seem to conform more closely with
the type of reference frame states that observers typically
prepare.
It is observations like this that lend hope to the idea
that such dynamical localization of relational variables
may, in fact, be of significance in obtaining a deeper un-
derstanding of quantum mechanics. The effect is not
some fragile phenomenon relying on pure states. In this
regard it is also important to note that the localizing
mixed states, in Sec.’s II B and IIC, are manifestly sep-
arable - they contain no entanglement. In fact, ρ∞ for
2 AS actually considered creation of a superposition of a proton
(equivalent to |g〉) and a neutron (equivalent to |e〉) using coher-
ent states - or otherwise - of negatively charged mesons (equiva-
lent to photons).
9both Poissonian and thermal initial states has the inter-
esting feature of being formally separable, but not locally
preparable under a superselection rule (or equivalently
lack of a suitable reference frame), a feature first noted
in [17].
III. BOSE-EINSTEIN CONDENSATES AND
RELATIVE LOCALIZATION OF ATOMIC PHASE
A common, and useful, description of BEC’s makes
use of a coherent state macroscopic wavefunction for the
condensates. Such a description is generally justified by
invoking standard stories about symmetry breaking (for
example, see [18]).
There are several reasons to be suspicious of the stan-
dard story. The first is that it requires a description in
terms of a coherent superposition of states with different
atom numbers. If, as appears to be a very good approxi-
mation in this universe, atom number is conserved, then
such a description is tricky to justify. A common at-
tempt at such justification is made along the lines that
the BEC is surrounded by a thermal cloud with which it
is exchanging atoms and thus the atom number is unde-
termined. However such a process leads only to a mixed
state for the BEC, and not the desired pure coherent
state. Secondly, the symmetry breaking is generally in-
voked by the addition of auxiliary fields with no clear
physical relevance. Finally, the most striking demonstra-
tions of coherence in BEC’s come from interference ex-
periments, as is discussed, for instance, in [19]. However,
such experiments do not require description via atom-
number-violating coherent states, and moreover such a
description places an advocate of such a description in
the philosophically precarious position of writing down
quantum mechanical states containing in principle un-
knowable parameters.
Let us point out that there is a difference between
experiments in which a single condensate is coherently
“cut” into two parts, and then allowed to re-interfere.
Such interference is trivially obtainable without the use
of coherent states (as an optical analogue, sending a pho-
ton Fock state - or even a thermal state - through a
Mach-Zehnder interferometer demonstrates perfect inter-
ference!) Thus we are interested only in the case that the
BEC’s are independent.
It is simple to imagine an experiment involving two
BEC’s that closely follows the optical scenario described
above for photons in cavities. For instance, two conden-
sates trapped in separate potential wells may be allowed
to slowly tunnel through a barrier. Atoms originating
from different wells can be rendered indistinguishable by
mixing at an appropriate beam splitter. While a stan-
dard description of the experiment would utilize interfer-
ence between coherent condensate fields |ψ1|eiθ, |ψ2|eiφ,
the discussion of the previous section can be carried over
to conclude that such a description is not necessary. In
fact, it is less desirable - it violates atom number con-
servation, and invokes the use of the (independent and)
unknowable phases θ, φ, which vary from run to run of
the experiment, and should therefore be correctly incor-
porated in a quantum mechanical framework by the use
of mixed initial states (leading to a description as in
Sec. II B above).
In practise the most striking BEC interference patterns
are those which do not involve leaking of single atoms
onto a beam-splitter and detection in one of only two
channels, but rather are those in which spatial diffraction
of the initially independent BEC’s occurs, and a spatial
interference pattern is measured in the region of overlap,
as is reported in [20]. We therefore extend the discussion
of the previous section to this type of experiment.
A quantum jumps approach to showing that coher-
ent state description of interference between indepen-
dent BEC’s was first used by Javanainen and Yoo [7, 8]
but is unnecessary. They showed that interference pat-
terns emerge even if the atom number superselection rule
is obeyed exactly, and the condensates are initially in
atomic Fock states with the same number of atoms. This
work generated much interest, although very little was
done analytically (a notable exception is [9]).
We consider the same simplified model of Javanainen
and Yoo [7, 8], but instead take the initial states to be
mixed. It is assumed that phase diffusion, the shape of
the trapping potential and edge effects can be ignored.
Each condensate corresponds to macroscopic occupation
of a single particle mode with momentum k and is de-
scribed by a second quantised plane-wave field of the form
eikxbk. We assume that the two condensates are initially
in Poissonian states with the same expected atom num-
ber N¯ , see Eq. (10), and with opposite momenta ±k. The
condensates merge over a linear array of atom detectors
and atoms are detected singly. The combined field oper-
ator ψˆ = eikx1bk + e
−ikx1b−k serves as the measurement
operator for a detection at position x1.
The situation here turns out to be dynamically equiv-
alent to the optical problem discussed in Sec. II when
the cavity modes are initially Poissonianly populated and
the second cavity undergoes random phase shifts between
detections, for example because of a frequency mismatch
(see the later part of Sec. II A). Inspecting the atomic
measurement operator ψˆ, it is seen that atomic measure-
ments π/k apart are equivalent, and further, that a detec-
tion in π2k ≤ x1 < πk is equivalent to one in 0 ≤ x1 < π2k
at x1 − π2k with operator ψˆ = eikx1bk − e−ikx1b−k. For a
mixed state
ρ ∝
∫
d2αd2βP (α, β)|α〉〈α|k ⊗ |β〉〈β|−k,
the probability density for measurement at x1 with this
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periodic identification is proportional to
tr
(
eikx1bk+e
−ikx1b−k
)
ρ
(
e−ikx1b†k+e
+ikx1b†−k
)
+
(
eikx1bk−e−ikx1b−k
)
ρ
(
e−ikx1b†k−e+ikx1b†−k
)
∝
∫
d2αd2βP (α, β)(|α|2 + |β|2).
On this reduced range every x1 is equally probable and
the problem can be treated by assuming “left” and
“right” Kraus operators, Kr,τ ∝ a + eiτ b and Kl,τ ∝
a − eiτ b with τ taking a random value for τ for each
measurement.
To understand the characteristic localization of rela-
tive phase for the two condensates it is sufficient to take
half the detections at τ = 0 and the rest at τ = π/2,
the largest difference possible. There is little advantage
working as in [4, 5, 9] with a probability density for the
full measurement record involving information about the
precise spatial distribution of the atomic detections. The
commutativity of Kl,τ ,Kr,τ allows the process to broken
down as convenient. We suppose that there are M mea-
surements at each of τ = 0 and τ = π/2. The numbers
of “left” and “right” counts at are denoted respectively
by l1, r1 for τ = 0 and l2, r2 for τ = π/2.
The 2M measurements cause the initial state with av-
erage atom number N¯ for each condensate
ρI =
∫
dθdφ
4π2 |α〉〈α|k ⊗ |β〉〈β|−k,
where α =
√
N¯eiθ and β =
√
N¯eiφ to evolve as
ρ→ M !
r2!l2!
M !
r1!l1!
Kˆ r2r,pi2
Kˆ l2l,pi2
Kˆ r1r,0Kˆ
l1
l,0 ρ Kˆ
l1†
l,0 Kˆ
r1†
r,0 Kˆ
l2†
l,pi2
Kˆ r2†r,pi2
=
∫
dθdφ
4π2 |Cτ=0l1,r1(θ, φ)C
τ=pi2
l2,r2
(θ, φ)|2 |α〉〈α|k⊗|β〉〈β|−k,
where,
|Cτl,r(θ, φ)|2=
(r+ l)!
r!l!
| cos (∆− τ2 )|2r | sin (∆− τ2 )|2l
and ∆ = φ−θ. The peaked function Cl,r is familiar from
Sec. II and the phase shift τ causes a translation.
The general features of the localization are as in the
optical analysis, Sec. II. However the effect of the phase
shift is to ensure with high probability that exactly one
value ∆0 for the relative phase is picked out. This is
so even when M is small. The phenomenon can be
understood by careful inspection of the measurement
record and with the aid of the asymptotic expressions
for Cl,r(θ, φ) Eq. (4) and (5). We consider the cases of
M = 3, 8 and 15, looking at the “likely events” - defined
as those with probability greater than a equal fraction
1/(M + 1)2. The probabilities of these events total 0.9,
0.8 and 0.8 respectively. In every case a unique value of
∆0 is picked out.
In very many cases - all when M = 3 and half when
M = 15 - all the detections are of the same sort, all
Kl (or all Kr), at τ = 0, or τ =
π
2 , or both. In other
words at least one component of |Cτ=0l1,r1(θ, φ)C
τ=pi2
l2,r2
(θ, φ)|2
is of the form |CM,0|2 (or |C0,M |2) which has only one
peak and a larger spread then otherwise. The prod-
uct |Cτ=0l1,r1(θ, φ)C
τ=pi2
l2,r2
(θ, φ)|2 in turn has only one peak
and is highly probable. Other probable events are such
that one peak of |Cτ=0l1,r1(θ, φ)|2 strongly overlaps with one
peak of |Cτ=pi2l2,r2 (θ, φ)|2. In short, the phase shift of π/2
makes it impossible for |Cτ=0l1,r1(θ, φ)|2 and |C
τ=pi2
l2,r2
(θ, φ)|2
to strongly reinforce each other at more than one value
for the relative atomic phase.
In the limit of a large number of detections,
ρ∞ =
∫
dθ |α〉〈α|k⊗ |αei∆0〉〈αei∆0 |−k. (18)
When the relative phase is perfectly defined the atomic
detections have a probability density of cos2(kx1−∆0/2)
(where x1 is the proper position). However, beginning
from initial states with no relative phase correlation, the
value for the relative phase localises much faster than it
takes for the characteristic spatial interference pattern
to become well established. The numerical studies of Ja-
vanainen and Yoo, for example, simulate interference pat-
terns based on 1000 atomic measurements. However, the
dependence in Eq.’s (4) and (5) on the total number of
detections l+ r demonstrates that the underlying rate of
localisation is similar to that at either of the two values of
∆0 which evolve when the phase τ is fixed, as in Sec. II.
The scalar function |Cτ=0l1,r1C
τ=pi2
l2,r2
|2 is well estimated by a
Gaussian with width between
√
2
M and
2√
M
.
IV. RELATIVE LOCALIZATION OF POSITION
The reference frame with which we, as human ob-
servers, have the most natural familiarity is position.
A recent article [10] by Rau, Dunningham and Burnett
(RDB) examined localization in relative position for two
massive particles. The initial states chosen for each par-
ticle were momentum eigenstates - the particles are sup-
posed to start off delocalized throughout a region very
much longer than the wavelength of the incident light.
Two simple examples were analyzed numerically using
a stochastic approach. RDB suggested that the localiz-
ing process might be extendable to many particles with
the emergent relative positions having the properties of
classical vector displacements.
The first example - that of a “rubber cavity” - is illus-
trated in our Fig. 6 (Fig. 1 of [10]). The relative position
of two mirrors in a Mach-Zehnder interferometer is lo-
calized by a series of single photons which pass through
the device and are detected by photodetectors monitor-
ing the two output channels. This example resembles the
localization of optical phase considered in Sec. II. In fact
the (numerically produced) Fig. 2 of [10] is essentially
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FIG. 6: Photons with momentum k pass through a “rubber
cavity” - Mach-Zehnder interferometer in which two of the
mirrors are mounted on “quantum springs” and are initially
delocalized along an axis. Two photodetectors monitor the
output channels.
θ
k
k R
FIG. 7: Plane wave photons with momentum k scatter off
two free particles, delocalized in a region of length R, and are
either deflected at an angle θ or continue in the forward di-
rection. The observer can ‘see’ photons which forward scatter
or which are deflected only by a small amount.
identical with our (analytic) Fig. 2. The Kraus oper-
ators which summarize the possible outcomes for each
photon are proportional to
exp
(
i
√
2kxˆ
)
± exp
(
i
√
2kyˆ
)
(19)
where k is the photon momentum and
√
2k is the mo-
mentum kick imparted to each mirror, located at x and
y. Their action in the position basis is analogous to that
of the optical operators Kl and Kr on optical coherent
states in Sec. II, although in the latter case the basis is
overcomplete. Differently from the optical case the pat-
tern of relative spatial localization which emerges has a
periodicity of π
√
2/k and extends throughout the region
where the particles were at the start.
The second example considered by RDB is the local-
ization in relative position (due to the scattering of plane
wave photons) off two free particles boxed in a one di-
mensional region. Fig. 7 illustrates the situation. The
Kraus operators are derived as follows. It is supposed
that each particle if taken by itself acts as a perfect point
scatterer, scattering as S-waves with certainty. The scat-
tered photons are detected in the far field at some angle
θ of deflection. This simple scattering cannot yield in-
formation about the ‘position’ of the particle, see [21].
Rather each event imparts a variable momentum kick
k sin θ with operator exp ik sin θxˆ where k is the momen-
tum of the incident photon, assumed to approach per-
pendicularly. With two particles the Kraus operators are
therefore
exp (ik sin θxˆ) + exp (iφ) exp (ik sin θyˆ) , (20)
supposing that scattering off each particle is indistin-
guishable. The operators are seen to form a density. The
condition that the two particles should act as a single
point scatterer when together sets φ = 0. In addition
unitary implies the possibility for forward scattering and
the single Kraus operator is,√∫ 2π
0
dθ
2π sin
2
(
k sin θ
2 (yˆ − xˆ)
)
. (21)
These forward scattering events do contribute to the lo-
calizing process and cannot be ignored.
It could be asked why the two particles are not con-
sidered to be delocalized in a two dimensional region. In
fact there is a complication in this case. Following the
same arguments as previously we can easily write down
the Kraus operators. We resolve our vectors in Cartesian
components with the “x-direction” aligned along the di-
rection of propagation of the incident plane wave:
KˆS =
√
1
2π exp (i∆k · mˆ) cos
(
∆k
2 · rˆ
)
KˆN =
√∫ 2π
0
dθ
2π sin
2
(
∆k
2 · rˆ
)
where the vector position operator for the jth particle is
(xj , yj), rˆ = (xˆ2 − xˆ1, yˆ2 − yˆ1), mˆ =
(
xˆ1+xˆ2
2 ,
yˆ1+yˆ2
2
)
and
the momentum kick is ∆k = k (1− cos θ,− sin θ). The
problem is this - the operators depend on the vector rˆ
rather than just |rˆ|. They potentially resolve an absolute
orientation as well as a relative position with the fixed
direction of the incident photons providing a reference.
The key difference between the rubber-cavity and scat-
tering models, as shown in the numerical studies of [10],
is that the changeable momentum kick of the latter local-
izes a single value for the relative position rather than a
periodic array. Localization at any value within the ini-
tial region is possible. Notice however that the symmetry
about 0 remains - the scattering process localizes the ab-
solute value of the relative position leaving two values for
the relative displacement, whenever the initial conditions
allow for it. Comparison should be made with Sec. III
where here translations rather than frequency shifts pre-
vent multiple values for the localization of the relative
parameter, and the multiplicity is eliminated entirely.
In what follows we investigate further the models in-
troduced by RDB. We focus on the case that the particles
share the same attributes and start in the same state. In
particular we use Gaussian states as a basis rather than
position eigenstates, which on their own are dynamically
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fragile, in as much as they disperse infinitely rapidly un-
der free evolution. This also facilitates analogy with the
localization of relative phase discussed in earlier sections.
The case of localizing relative position turns out to be
more technically complex however, since Gaussian states
are not eigenstates of translation operators. In what fol-
lows we must first take a brief diversion to clarify the
technicalities of working with Gaussian states.
We employ the notation |ψk,a,d〉 for a Gaussian state
with mean momentum k, mean position a and spatial
spread parameter d,
|ψk,a,d〉 ∝
√
d
∫ ∞
−∞
dxeik(x−a)Ga,d(x) |x〉
where Ga,d denotes a Gaussian probability distribution
with mean a and spread d,
Ga,d(x) =
1
d
√
2π
e−
1
2 (
x−a
d )
2
.
and d is suppressed when it is constant for consecutive
steps.
We consider the effect of a sequence of localizing kraus
operators, K(xˆ1, xˆ2) = KiN (xˆ1, xˆ2) · · ·Ki1(xˆ1, xˆ2), act-
ing on an arbitrary basis state for the two particles.
Rather than explicit localization in the relative mean
position parameter a2 − a1, the basis states evolves to
a superposition as follows,
|ψk1,a1,d〉⊗|ψk2,a2,d〉→
(
1
2π
)2∫
dx1dx2dp1dp2
×K(x1, x2)eip1(a1−x1)eip2(a2−x2)
× |ψp1+k1,a1,d〉⊗|ψp2+k2,a2,d〉 (22)
where K(x1, x2) is evaluated at number values and, un-
less otherwise specified, the integral is
∫∞
−∞ ...
∫∞
−∞. We
can understand this more simply. Writing K(x1, x2) =
e+iζ
(x1+x2)
2 CΘ(
x2−x1
2 ), a product of translation to the
center of mass (where ζ2 is the cumulative momentum
kick) and the localizing function CΘ(
x2−x1
2 ), we assume
that the Fourier transform C˜Θ(p) =
∫
dze−ipzCΘ(z) may
be defined. Then the final state is proportional to,
eiζ
a1+a2
2
∫
dpei
p
2 (a2−a1)C˜Θ(p)
×
∣∣∣ψ ζ
2−p2+k1,a1
〉
⊗
∣∣∣ψ ζ
2+
p
2+k2,a2
〉
. (23)
We see then that the basis states evolve to an increasingly
flat superposition over relative mean momentum with the
phase terms recording the location of the relative spatial
maxima. In particular C˜Θ(p) ≃ e−i p2∆0 when K(xˆ1, xˆ2)
enforces sharp localization of the relative position at a
single value ∆0.
We can simplify further by changing basis, regard-
ing the Hilbert space as a tensor product of spaces for
the center of mass and the relative position, rather than
spaces for each particle,
|x〉⊗|y〉 ←→ ∣∣x+y2 〉COM⊗∣∣y−x2 〉Rel.
The basis state considered above can be rewritten as an-
other product of Gaussian states,
|ψk1,a1,d〉⊗|ψk2,a2,d〉
∝
∣∣∣∣ψk1+k2,a1+a22 , d√2
〉
COM
⊗
∣∣∣∣ψk2−k1,a2−a12 , d√2
〉
Rel
.
The final state in the new notation after K(xˆ1, xˆ2) has
acted enforcing sharp localization at ∆0 is proportional
to
eiζ
a1+a2
2
∣∣∣∣ψk1+k2+ζ,a1+a22 , d√2
〉
COM
⊗
∫
dp ei
p
2 (a2−a1−∆0)
∣∣∣∣ψk2−k1+p, a2−a12 , d√2
〉
Rel
. (24)
The center of mass component is merely translated. The
localization in the relative component is best seen by
comparison with the following identity, expanding an ar-
bitrary position eigenstate in terms of Gaussians:∫
dp eip(a−X) |ψk+p,a,d〉 ∝ eik(X−a)Ga,d(X) |X〉 .
If X is far from a the norm vanishes.
We now turn our attention to the localization of rel-
ative position for two particles as might actually occur
in nature. Rather than the the pure momentum states
chosen by RDB for initial states, we consider the local-
ization between two thermal particles. It is assumed that
the two particles have equal mass m and temperature T .
We assume first a localizing process that can pick out one
particular value ∆0 for the relative position.
A thermal state for one particle is given by a mix-
ture of momentum eigenstates, weighted according to the
classical Maxwell-Boltzmann distribution and can be ex-
pressed in terms of Gaussian states in a simple diagonal
form, ∫
dp
√
1
2πmkBT
exp
(
− p22mkBT
)
|p〉〈p|
=
∫
da
2π |ψ0,a〉〈ψ0,a| . (25)
The spatial spread parameter of the Gaussian states is
given by d =
√
1
2mkBT
; when the particle is heavy and
hot the Gaussian states approximate position eigenstates.
We get rid of the infinite limits in Eq. (25) and work with
normalizable states delocalized over a finite region R. For
both particles together,
ρI ∝
∫
R
∫
R
da1da2 |ψ0,a1〉 〈ψ0,a1 | ⊗ |ψ0,a2〉 〈ψ0,a2 | . (26)
Under the action of the localizing processK(xˆ1, xˆ2) the
initial state ρI is transformed as follows, keeping with the
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same notation as introduced previously,
ρI→ KiN · · ·Ki2Ki1ρK†i1K†i2 · · ·K†iN
∝
∫
R
∫
R
∫
da1da2d
2x
(′)
1 d
2x
(′)
2 d
2p
(′)
1 d
2p
(′)
2
× e−i{p1(x1−a1)+p2(x2−a2)}ei{p′1(x′1−a′1)+p′2(x′2−a′2)}
× K(x1, x2)K(x′1, x′2)∗
× |ψp1,a1,d〉
〈
ψp′1,a1,d
∣∣⊗ |ψp2,a2,d〉 〈ψp′2,a2,d∣∣ (27)
where d2x
(′)
1 abbreviates dx1dx
′
1 etc. When theK(xˆ1, xˆ2)
operators enforces sharp localization - at ∆0 say - the
final state takes the simple form
ρ∞∝
∫
R
∫
R
∫
da1da2d
2p(′)e
i
2 (p−p′)(a2−a1−∆0)
×
∣∣∣ψ ζ
2− p2 ,a1
〉〈
ψ ζ
2− p
′
2 ,a1
∣∣∣⊗∣∣∣ψ ζ
2+
p
2 ,a2
〉〈
ψ ζ
2+
p′
2 ,a2
∣∣∣.(28)
The center of mass and relative positions remain unen-
tangled throughout the localizing process, as is clear for
example from Eq. (24), and as would certainly be ex-
pected. The two particles however evolve from being
separable to being highly entangled. This contrasts to
the localization of relative optical phase for two initially
Poissonian, or thermal optical states which do not be-
come entangled despite the emergence of strong correla-
tion between them, as discussed in Sec. II.
We now look more closely at the localization in rel-
ative position induced by the scattering operators (20)
and (21) which describe the general case of light scatter-
ing off two free particles. We suppose in the first instance
that the incident light comes as single photons with the
same frequency. However, differently from RDB, we do
not assume a detailed record for every event. Rather we
consider two types of measurement outcome: a “forward
scattering” where the incident photon continues without
scattering or is scattered into a small angle between −ǫ
and ǫ; and a “deflection” where the photon is scattered
outside of this range and the light source dims. We mix
over the possible events constituting a measurement out-
come. This is a reasonable model for a real observer
monitoring light from a distant source scattering off two
particles, who only has a limited field of view and cannot
measure the angle of scattering.
As previously we work with thermal particles supposed
initially to be delocalized in a region R. We change basis
to separate out the center of mass and relative compo-
nents. The initial state of the particles is then,
ρI ∝
∫
da1+a22
∣∣∣∣ψ0, a1+a22 , d√2
〉〈
ψ
0,
a1+a2
2 ,
d√
2
∣∣∣∣
COM
⊗ ρRel
where,
ρRel∝
∫ Lupper
Llower
da2−a12
∣∣∣∣ψ0,a2−a12 , d√2
〉〈
ψ
0,
a2−a1
2 ,
d√
2
∣∣∣∣
Rel
,
where having changed integration variables from a1 and
a2 to
a1+a2
2 and
a2−a1
2 , Llower and Lupper denote the
lower and upper limits of the inner integral which cor-
responds to the relative component of the two particle
state. Llower and Lupper depend on the outer integration
variable a1+a22 , and in effect ensure that the particles re-
main within the original region R. With S deflection and
F forward-scattering events, ρRel evolves to ρ
′
Rel as fol-
lows, tracing out the center of mass component at the
end, 3
ρ′rel=
∫ ∫ ∫ Lupper( a1+a22 )
Llower( a1+a22 )
d r2 d
r′
2 d
a2−a1
2
× G a2−a1
2 ,
d√
2
( r2 )G a2−a1
2 ,
d√
2
( r
′
2 )
×
[√∫ 2π
0
dθ sin2
(
k sin θr
2
)√∫ 2π
0
dθ sin2
(
k sin θr′
2
)
+
∫ ǫ
−ǫ
dθ cos
(
k sin θr
2
)
cos
(
k sin θr′
2
)]F
×
[∫ 2π−ǫ
ǫ
dθ cos
(
k sin θr
2
)
cos
(
k sin θr′
2
)]S∣∣ r
2
〉〈
r′
2
∣∣∣
Rel
. (29)
A typical pattern of localization is shown in Fig. (8)
which plots the probability density P (y − x) ∝
〈y−x2 |ρ′rel|y−x2 〉 for different ratios of “deflection” and
“forward-scattering” events, where x and y are the (pre-
cise) positions of each particle; prior to the scattering
process P (y − x) is uniformly distributed. In contrast
to the sharp localization discussed previously, limited
knowledge of the scattering record means that the lo-
calization of relative position is only partial, even after
many photons have been scattered. Rather than peaks
in the relative position we see complex interference pat-
terns.
As expected the degree of localization (and associ-
ated probabilities) for different outcomes are found to
be insensitive to the precise value of the small param-
eter ǫ describing the narrow range of angles visible to
the observer. Taking ǫ = 0, the patterns are charac-
terized by Bessel functions of the first kind PRel(y −
x) ∼ [1− J0(k(y − x))]F [1 + J0(k(y − x))]D, where D
denotes the number of deflections and F the number of
photons continuing in the forward direction. The local-
ization is symmetric about the origin. Sharp localization
at one specific value - y = x - is possible with small
probability and occurs when every photon is deflected.
In our final example we consider the case that the
scattering light is thermal, as well as the two massive
particles. Each incident wavepacket is described by the
mixture ρ = Σn
n¯n
(1+n¯)n+1 |n〉〈n| (where |n〉 denotes an n
photon Fock state). The scattering operators Eq. (20)
3 The momentum kick imparted to the center of mass depends
on the angle of scattering but the linearity of the partial trace
procedure ensures that this causes no additional complication.
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FIG. 8: Probability densities between Llower and Lupper
for the relative separation of two free thermal particles af-
ter 5 photons, each with momentum k = 5, have scattered off
them, either being deflected into some large angle or contin-
uing in the forward direction. The spatial spread parameter
d =
√
1
2mkBT
is set to 0.2 (units 2π/k).
and Eq. (21) must be modified. We replace the fixed mo-
mentum kick k sin θ by the operator Nˆk sin θ where Nˆ is
the number operator for the optical mode. Scattering of
a single thermal wavepacket leads to a variable photon
count, all detected at a single angle θ of deflection. A
typical pattern of localization is shown in Fig. (9) which
plots the probability density P (y − x) after five thermal
wavepackets have scattered; the results are not sensitive
to the precise value of the small parameter ǫ.
V. DISCUSSION
We have examined in depth the measurement induced
relative localization of some interesting quantum me-
chanical degrees of freedom. Along the way we have char-
acterized the differences that occur when mixed states
are involved (in particular showing that for certain mixed
states the relative localization can be just as good as for
initially pure states) and provided analytic analyses of
situations which previously have been studied numeri-
cally. We have shown that the relative phase localiza-
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FIG. 9: Probability densities for the relative separation of
two free thermal particles after 5 thermal wavepackets have
scattered off them, either being deflected into some large an-
gle or continuing in the forward direction. The momentum
parameter k = 5 and the spatial spread parameter d = 0.2
(units 2π/k). The thermal wavepackets have mean photon
number n¯ = 5.
tion in BEC’s can be faster than the interference pattern
emergence, a feature not discernible from the previous
numerical studies.
There are certain natural directions in which our re-
sults should be extended. At present we are uncertain
whether certain values for the localizing parameter can
be favored (i.e. dominate) after averaging over all mea-
surement records, particularly if one system is macro-
scopic compared to the other. In the context of under-
standing the construction of reference frames for quan-
tum systems, this asymmetric case becomes particularly
important. Another question that becomes important is
that of the transitivity of the localisation when applied
to more than two systems. For most of the processes we
have studied analytically in this paper it is reasonably
trivial to see that such transitivity does in fact occur.
We have touched on the connection to superselection
rules. Two other areas of fundamental interest that have
some connection with the ideas presented here are sym-
metry breaking and decoherence. The former because
a symmetry breaking is performed with respect to some
frame of reference which, if treated quantum mechani-
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cally, should amount to a dynamical localization of some
relative parameter in a way that results in final states
quantitatively similar to those we have discussed here.
The latter because an approach to decoherence in which
the “localisation to pointer basis states” is performed in a
completely relational picture is desirable if one wishes to
extend the ideas of decoherence theory to closed systems
(such as the universe).
Acknowledgments
This work was supported in part by the UK EPSRC,
and by the European Union.
APPENDIX A: DERIVATION OF THE
VISIBILITY FOR POISSONIAN STATES
The initial state of the cavity fields, a product of two
Poissonian states both with average photon number N¯ ,
ρ =
∫
dθdφ
4π2
|α〉 〈α| ⊗ |β〉 〈β|
where α =
√
N¯eiθ and β =
√
N¯eiφ acquires a factor,
Cl,r(θ, φ) =
〈
r
∣∣∣√ǫα+√ǫβ√
2
〉〈
l
∣∣∣−√ǫα+√ǫβ√
2
〉
,
extracting the l and r photon components of the coherent
states, under the canonical localizing processing, in which
a fraction ǫN¯
leaks out of each cavity and l and r photons are de-
tected at the left and right detectors respectively. Cl,r
is peaked at ±∆0 given by 2 arccos
√
r/r + l. The final
state is then,
ρ′=
ǫr+l
4π2r!l!
e−2ǫN¯
∫
dθdφ
∣∣∣∣α+ β√2
∣∣∣∣2r∣∣∣∣−α+ β√2
∣∣∣∣2l|α′〉〈α′|⊗|β′〉〈β′|
where α′ =
√
1− ǫα and β′ = √1− ǫβ.
A probability can be calculated using,∫
dθdφ cos2r
φ− θ
2
sin2l
φ− θ
2
= 4π
Γ(r + 0.5)Γ(l + 0.5)
Γ(r + l + 1)
Pl,r(ǫ, N¯) = trρ
′
=
(2ǫN¯)r+l
r!l!
e−2ǫN¯
Γ(r + 0.5)Γ(l+ 0.5)
πΓ(r + l + 1)
The visibility of ρ′ is computed as follows. The sec-
ond mode undergoes a variable phase shift of τ and both
modes are then combined at a 50 : 50 beamsplitter. ρ′ is
goes to ρ′′ according to,
|α′〉 〈α′| ⊗ |β′〉 〈β′| →
∣∣∣∣α′+β′eiτ√2
〉〈
α′+β′eiτ√
2
∣∣∣∣⊗ ∣∣∣∣−α′+β′eiτ√2
〉〈−α′+β′eiτ√
2
∣∣∣∣ .
And intensity is then defined as
I(τ) = tr(a†aρ′′)
∝
∫
dθdφ
∣∣∣∣α+ β√2
∣∣∣∣2r ∣∣∣∣−α+ β√2
∣∣∣∣2l ∣∣∣∣α′ + β′eiτ√2
∣∣∣∣2
where the constant of proportionality is of no interest as
it divides out when computing the visibility. Expanding
the last term of the integrand,∣∣∣∣α′ + β′eiτ√2
∣∣∣∣2 = 2(1− ǫ)N¯ cos2(∆ + τ2 )
where ∆ = φ − θ. The expression for I(τ) may be sim-
plified.
I(τ) ∝
∫
dθdφ cos2r(
∆
2
) sin2l(
∆
2
)[
cos2(
∆
2
) cos2
τ
2
−2 cos(∆
2
) sin(
∆
2
) cos
τ
2
sin
τ
2
+ sin2(
∆
2
) sin2
τ
2
]
The first and last contributions can be resolved in terms
of Gamma functions as for the probability above, and the
second term evaluates to 0. So,
I(τ) ∝ r cos2 τ
2
+ l sin2
τ
2
+
1
2
and extremizing at τ = 0 and τ = π,
V = (Imax − Imin) / (Imax + Imin)
=
|r − l|
r + l + 1
.
APPENDIX B: DERIVATION OF THE
VISIBILITY FOR THERMAL STATES
The calculations follow a similar line to the Poissonian
case above. The initial state of the two cavity fields,
a product of two thermal states with the same average
photon number N¯ ,
ρ =
(
1
N¯π
)2∫
d2αd2β exp−
( |α|2+|β|2
N¯
)
|α〉〈α|⊗|β〉〈β|
where α=
√
n¯eiθ and β=
√
m¯eiφ acquires a factor,〈
r
∣∣∣√ǫα+√ǫβ√
2
〉〈
l
∣∣∣−√ǫα+√ǫβ√
2
〉
,
extracting the l and r photon components of the coherent
states, under the canonical localizing process.
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The final state is,
ρ′ =
ǫr+l
N¯2π2r!l!
∫
d2αd2β exp−
( |α|2+|β|2
N¯
)
×
{
exp−ǫ
(∣∣∣∣α+β√2
∣∣∣∣2+∣∣∣∣−α+β√2
∣∣∣∣2
)} ∣∣∣∣α+β√2
∣∣∣∣2r∣∣∣∣−α+β√2
∣∣∣∣2l
× |α′〉〈α′| ⊗ |β′〉〈β′|
where α′ =
√
1− ǫα and β′ = √1− ǫβ. This expression
may be simplified using the parallelogram rule,∣∣∣∣α+ β√2
∣∣∣∣2 + ∣∣∣∣−α+ β√2
∣∣∣∣2 = |α|2 + |β|2
giving,
ρ′ =
ǫr+l
N¯2π2r!l!
∫
d2αd2β
×
{
exp−
(
ǫ+
1
N¯
)(∣∣∣∣α+ β√2
∣∣∣∣2 + ∣∣∣∣−α+ β√2
∣∣∣∣2
)}
×
∣∣∣∣α+ β√2
∣∣∣∣2r ∣∣∣∣−α+ β√2
∣∣∣∣2l |α′〉〈α′| ⊗ |β′〉〈β′|
A probability can be calculated, changing variables of
integration such that α+β√
2
→ α and −α+β√
2
→ β and eval-
uating with d
2α
π =dn¯
dθ
2π and
d2β
π =dm¯
dφ
2π ,
Pl,r(ǫ, N¯) = trρ
′
=
ǫr+l
N¯2π2r!l!
∫
d2αd2β
×
{
exp−
(
ǫ+
1
N¯
)(|α|2+|β|2)} |α|2r|β|2l
=
(ǫN¯)r+l(
1 + ǫN¯
)r+l+2
The calculation for the intensity I(τ) for ρ′ proceeds
as follows,
I(τ) = tr(a†aρ′′)
∝
∫
d2α
π
d2β
π
{
exp−
(
ǫ+
1
N¯
)(|α|2 + |β|2)}
× |α|2r |β|2l ∣∣α′ + β′ + (−α′ + β′)eiτ ∣∣2
∝
∫
dn¯
dθ
2π
dm¯
dφ
2π
{
exp−
(
ǫ+
1
N¯
)
(n¯+ m¯)
}
×n¯rm¯l
∣∣∣√n¯eiθ(1− eiτ ) +√m¯eiφ(1 + eiτ )∣∣∣2
Now,∣∣∣√n¯eiθ(1 − eiτ ) +√m¯eiφ(1 + eiτ )∣∣∣
= n¯|1− eiτ |2 + m¯|1 + eiτ |2 + (..)eiθe−iφ + (..)e−iθeiφ
and the latter two contributions integrate to 0. Hence,
I(τ) ∝ |1− eiτ |2
∫
dn¯dm¯n¯r+1m¯lexp−
{(
ǫ+
1
N¯
)
(n¯+m¯)
}
+ |1 + eiτ |2
∫
dn¯dm¯n¯rm¯l+1exp−
{(
ǫ+
1
N¯
)
(n¯+m¯)
}
Evaluating the integrals is as for the probability calcula-
tion above.
I(τ) ∝ (|1− eiτ |2(r + 1) + |1 + eiτ |2(l + 1)
∝ l cos2 τ
2
+ r sin2
τ
2
+ 1
and the visibility is given by
V =
|r − l|
r + l + 2
extremizing at τ = 0 and τ = π.
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